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2 Introduction

In this research work, the range of elas-
ticity for any direction in paper denotes
the limit determining the area in a two-
dimensional space of time and stress, in
which for engineering calculations the
fibrous structure can be considered as
elastic material.

It should be emphasised that the limit
determined in this way differs from the
limit of elasticity (determined for elastic
materials), that is, a material constant
defining a boundary value of the stress
above which the material cannot be con-
sidered as elastic.

Determination of the limit of elasticity
using the unidirectional tensile test in a
short period of time is justified for mate-
rials for which longer applied stress does
not cause any noticeable increases in the
permanent strain.

In such a case, regardless of changes in
stress over time, the limit of elasticity
is connected with the appearance of a
specific stress value that causes specific
values of the permanent strain. In other
words, provided that the material is under
the influence of stress, whose values does
not exceed the limit of elasticity, we can
use Hooke’s law to analyse the material’s
behaviour.

However, for fibrous materials these type
of analyses cannot be used to describe the
specific state of stress without consider-
ing the impact of time. For paper under
stress of a high level, the increase of the
time of action even by several dozens of
seconds, may cause a significant growth
in the permanent strain. (Figures 2 and 3).
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Abstract

This research work presents a method for the determination of the limit of elasticity of
paper considered as a variable dependent on stress and the time of its duration. For plane
stress it was found that in the case of a low share of permanent strain in the total strain,
we can assume that the highest value of its share appears on one of the principal axes of
stress. Such an assumption allowed to use a one-dimensional rheological model to define
the permanent range in a two dimensional state of stresses for paper:
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Viscoelastic strains (also known as de-
layed elastic strains) in paper, which
disappear when the load is removed, are
classified as elastic strains for the pur-
pose of range of elasticity determination
for paper. Such a strain classification al-
lows to have clear categories in terms of
the problem analysed.

As paper is an anisotropic body, the
range of elasticity, defined as a stress-
time function, is different for various di-
rections in the material. The anisotropy
of the mechanical properties of a fibrous
structure and the impact of time on stress
- strain relationships make it difficult to
determine the range of elasticity of paper.
For this reason, the method suggested is
restricted only to the most common types
of loading.

A large majority of loads occurring in
practice cause a uni- or bi-directional
state of stress in the paper plane. A typical
example of a unidirectional state of stress
is the paper web. When moving in the
machine during the converting process,
it is subjected to tensile stresses of vary-
ing values in the machine direction. In the
case of paper laminates used for the pro-
duction of packaging, such as corrugated
board or multilayer solid board, we usu-
ally analyse their strength under a static
load considering uni- or bi-directional
states of stress in each layer of the mate-
rial. It should also be stated that in typical
states of stresses in paper, the principal
axes of stress do not change position to-
wards the main orthotropy directions in
the material; they usually overlap.

This work will analyse plane stress in a
co-ordinate system with directions con-
sistent with the principal axes of stress in
a paper plane. This fact allows us to de-
velop a method for the determination of
an range of elasticity for paper, which is
simple in practical use.

Criterion for determination of
an range of elasticity for paper

In any type of forced change (load chang-
es in time), the number of permanent
changes in the fibrous structure increases
with an increase in the stress level and
stress application time. A permanent
strain can only be registered in the case
of a very low stress level and short ap-
plication time, which does not mean that
in such a case permanent strain does not
occur. For low stresses and short time of
their application, the permanent strains
are so low that for technical reasons it is
difficult to determine their values. Even
for stresses lower than 20% of the break-
ing stress, when, according to some re-
searchers [1], permanent strains do not
appear, they can be observed provided
that the load application time was long
enough.

Despite the fact that each stress is accom-
panied by a permanent strain, in many
cases its impact on paper behaviour is so
minor that, from a practical point of view,
it can be disregarded, hence paper can be
treated as if it was a elastic material.

In engineering calculations, as criterion
for the determination of an range of elas-
ticity for paper, we may take a specific
value of the permanent strain in the total
strain below which paper will be consid-
ered as an elastic body.

When restricting the discussion to the
plane stress appearing in the paper plane,
such criterion can be formulated : If, as a
result of loading, for any direction in the
paper plane, there does not appear a state
in which the share of permanent strains
in the overall strains is higher than the
assumed value defining the range of elas-
ticity, the paper can be considered as an
elastic body.
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For various materials (including metal)
the range of elasticity and the limit of
proportionality are determined on the
basis of the share of permanent strain
in the overall strain. It is agreed that an
acceptable share of the permanent strain
determining the limit of proportionality
of such materials as steels is 0.02% [2].
For paper, which has a significantly less
homogeneous structure, is characterised
by a lower repeatability of mechanical
properties and as a result of mechanical
loading it can be strained much more
easily, the acceptable share of permanent
strain defining the range of elasticity may
be significantly higher.

Determined in the same conditions for
various test pieces made of one paper
grade, the breaking stress often exceeds
the limit + 10% of the average value.
Even a higher scatter of results is ob-
tained when determining the elongation
at rupture or breaking energy. With such
a heterogeneity of the material, when de-
termining the range of elasticity it is ac-
cepted to estimate the share of permanent
strain in the overall paper strain at a level
of several percent, As with analyses of
strains this will not cause errors higher
than those which result from the deter-
mination of the inaccuracy of material
constants.

Paper is an anisotropic body, which sig-
nificantly complicates analysis of its
strains, particularly in the case of com-
plex states of stress, variable in time.

The strains of different types of paper and
board under stress have been analysed in
numerous research works. Some exam-
ples are listed from [3] to [15]. However,
those works were focused mainly on uni-
directional states of stress.

Research works analysing bidirectional
states of stress in paper usually examined
paper as an elastic body. Very few works
[4] have tried to take into consideration
the impact of the loading time. Present-
ly, one-dimensional rheological models
are used to describe paper behaviour in
practice. They are usually 4-parameter-
models.

This research work describes the strains
in a system of axes connected with the
directions of principal stresses, provided
that they do not change position towards
the main axes of paper orthotropy in the
time of the test. With this type of co-
ordinate system, there are only principal
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stresses in the directions of the system
axis.

Subsequent parts of this research work
show that in the case of a low share of
permanent strains in the overall strains,
it can be assumed (without any serious
error) that the largest value of the share
of permanent strain in the overall strains
occurs for one of the principal stress di-
rections in the paper plane. After having
considered the strains in the direction
perpendicular to the stress, such an as-
sumption allows us to use a one-dimen-
sional rheological model when determin-
ing the range of elasticity of paper in a
bidirectional state of stress.

Determination of the share
of permanent strain
in the overall paper strain

This research work presents a determina-
tion method for the share of permanent
strains in the overall strains of paper for
the most common plane stresses.

For any direction the o share Ud,, of per-
manent strains €, in the overall paper
strain €.q is expressed by the following
relationship:

vd, ==, M

For a complex state of stresses in the pa-
per plane, strain analysis can be made on
the basis of the diagram shown in Fig-
ure 1.

The diagram depicts the strain of segment
[, reaching length /" under the stress. As-
suming that Aa = 0, the elongation A/, of
segment /,sloping towards axis x at angle
o, can be expressed by the following re-
lationship:

Al =I'-1=—]+ )
+1J(-cos() + Ax)* + (I -sin(a ) + AY)? @

The elongation for the principal axes of
stress (x and y) can be expressed by the
following relationships:

Ax=¢,-1-cos(a), (3)
Ay =g, B Sin(a) s (4)

Assuming that under the stress the prin-
cipal axes of stress x and y do not change
position towards the main directions in
the paper, using relationships (2), (3) &
(4), the elongation in direction o. can be
determined by the following formula:

Al =~1+ (5)
+1- \/[cos((x) . (1 + sx)]2+[sin((x) ~(1 + ay)]z

Using formula (5), for direction o the
overall elongation Alcy and the perma-
nent elongation Alf, can be determined
from the following relationships:

Ale, =1+ (6)
+1/- \/[cos(ot )- (1 +su)]2+ [sin(ot) -(1 +sw)]2

Alt  =—1+ (7
+1- \/[cos(a) ( +slx)]2+[sin(a) (1 +8ty)]2

The share Ud, of the permanent strain
€ 1n the overall strain €., is defined by
the relationship:

Alf,
G L _
Uda B € AICO(
I ®)

_ 1-— \/[cos(oc) . (1 +slx)]z+[sin((x) -(1 +£U)]2
1- \/[cos(oc) . (1 +s”)]2+[sin(a) (1 +acy)]2

Denoting the share of permanent strain in
the overall strain as Ud, for axis x and
Ud,, for axis y and taking into account
that:

_ By, 9
Ud, == ©)

8 V
Udy 2%9 (10)

the share of permanent strain in the over-
all strain for direction o can be expressed
by the formula 11:

Ax

Figure 1. Diagram of segment | displace-
ment as a result of plane s state of stress.
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In order to find a maximal value of perma-
nent strains in the overall strain, changes
Ud,, in function o have to be analysed.
Precise analysis of the strain distribution
in the paper plane can be made in specific
cases after substituting the specific values
of parameters Ud), Ud,, €.y i€,

As the values of parameters Ud,, Ud,
€. y and € ,, are around several percent,
not making any significant error, we can
develop relationship (11) into a Taylor
series. Including only the first term, we
have:

Ud ~

a

(12)

ud. e, cos’(a)+ Ud, - &, sin* (@)

&, cos’(a)+¢,,sin’(a)

Evaluating the first derivative Ud, (12)
at o, we obtain:

a Ud, =
da
(13)
2.6, ¢, .(Udy —de)-sin(a) -cos(a)

[(gcx - Ec‘y )COSZ(CZ) - Ecy]z

In the examined range of variation o (0,
1/2), the derivative reaches value 0 at the
ends of the range. Therefore, the maximal
value Udy, j,qx €quals the higher value of
Ud,, and Ud,, what can be expressed by:

Udy, max = max(Ddy, Ud,) (14)

This means, without significant error,
that we can assume that the highest share
of permanent strains in the overall strain
appears in one of the principal axes of
stress in the paper plane.

Calculation of paper strains
in a unidirectional state
of stresses

A simple unidirectional state of stress is
very common in practice during paper
manufacture, converting and utilisation.
Using the relationships describing strains
in the form of a time and stress function
for Burgers rheological model, assuming
that in the initial moment 7 = O strains
equal to 0, we obtain a formula that al-
lows us to define the overall paper strain
€ » in a unidirectional state of stress to-
wards axis x [12]:
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ud

1=yJleos@)- 1+ Ud, -, )} +[sin(a)-(1+0d, ¢, )}

a

Formula 11.

o.(t
gfjx = L)ﬂ—
Elx

. o . (15)
+—J.O'x(t—0)-e e d9+—Iax(0)d9

M %o e o

where:

E1y, Exy, M1y M2y — rheological param-
eters of Burgers model for axis x,

6 — integration variable.

If the strains towards axis x are constant
and have value G, substituting relation-
ship 0,(f) = oy, to formula (15), after the
reduction we have:

Ey ot
O, Oyo * 0, -
S(jx (t):£+ xo t+ﬂ l—e ™
E, U E,, (16)

The permanent strain of Burgers model
€ ¢ for unidirectional states of stress to-
wards axis x is described by the third ad-
dend in formula (15).

If the stresses towards axis x are constant
and have value o, we get:

Oy - t
gtjx (t) = .
nlx
Carrying out the analogical operation, we
can define the strains for any direction in
the paper plane.

(17)

Calculation of paper strains in
bidirectional states of stress

When defining the range of elasticity, cal-
culations are made in the range of strains
in which paper may be considered as an
elastic body. In such a case, in a bidirec-
tional state of stress, the overall strains in
the principal axes of stresses €., and €.,
in the paper plane can be calculated using
the relationships which are valid for the
elastic body:

(18)
(19)

CexTEGx -V &gy
€y =-Vyx €jx + € jx
where:
Vi Vyy — Poisson’s ratios (the first index
defines the direction of transverse strain,

and the other one — the direction of the
stress which triggers off the strain).

1- \/[cos(a) . (1 +é&, )]2 + [sin(a) . (1 +é., )]2

(11)

According to the assumed relationship
for range of elasticity evaluation, two
types of strains making up the overall pa-
per strain were distinguished. With this
assumption, in a bi-dimensional state of
stress, the overall strains in the principal
axes of stresses €. , and €. , in the paper
plane can be calculated with formulas:

(20)
e2))

€ox =& x T &

Ecy =&yt ey
where:
€ x &y — permanent strain in the princi-
pal axes of stress,
&y € — elastic strain in the principal
axes of stress.

In a bidirectional state of stress, the elas-
tic strain in the principal axes of stress
€y and & ,, in the paper plane can be cal-
culated using the correct relationships for
the elastic body:

E€sx = &jx-Vxy &y (22)

€5y =~ Vyx " & jix + & jx (23)
Rearranging (20) and (21), we get:

€x =€ x T Ex (24)

&y =€y T &y (25)

After substituting (18), (19), (22) and
(23) to (24) and (25) we get relationships
allowing us to determine the permanent
strains in a state of bidirectional stress in
the principal axes of stresses €. , and .,
in the paper plane:

€ x=E€;jx~Vxy &gy +
- (Sij - ny' 8sjy) (26)
&y =-Viy  Egix T EGy T
- (‘ Vyx : Sij + 8sjy) (27)

Comparison between
experimental and theoretical
results of range of elasticity
determination

In order to determine the paper range of
elasticity, tests were carried out on paper
used for the production of corrugated
board.
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Figure 2. Share of permanent strains in the overall strains for the

teste paper in the machine direction.

Because of the similarity between the
results obtained for the paper tested, the
article presents only results obtained for
a liner of grammage 220 g/m?2 and thick-
ness 0.35 mm for the machine and cross
directions. The tests included the meas-
urement and calculation of the overall
strains and permanent strains depending
on the level and time of the stress ap-
plied. The stresses varied from 10% to
90% of the breaking stress and the appli-
cation time from 1 s to 10000 s.

The tests involved stretching paper to
the stress value required at a speed of
20 mm/min, holding the stress for 1 sec-
ond and then reducing the stress value
to 0. After having waited 20 minutes,
the cycle was repeated, increasing the
time of the test piece held under the load
ten times. Five cycles were performed
for each test piece (provided it did not
break), which means that in the last cycle
the creep time was 1000 s. The first cycle
was treated as mechanical conditioning.

The overall strains and permanent strains
were determined for all the stress times
and levels tested.

Calculation results for the share of per-
manent strains in the overall paper strains
for all the cases tested are illustrated in
Figures 2 & 3.

In the range of stresses and times of ap-
plication tested, the share of permanent
strains in the overall strains is higher for
the cross direction than for the machine
direction. The higher values of permanent
strains in the cross direction result from
the orientation of fibres in the paper web.

The area, for which the values of paper
strains could not be determined because
of the test pieces breaking, is higher for
the machine direction. For the time range
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Figure 3. Share of permanent strains in the overall strains in the

cross direction for the paper tested.

of stress application tested, in the case
of the machine direction, the test pieces
broke at 60% of the breaking stress deter-
mined in a standard tensile test, whereas
for the cross direction it was at 70% of
the breaking stress. Both in the machine
direction and cross direction, the state
of permanent strain in the overall strain
grows along with an increase in the
stress and its application time. In order
to determine the range of elasticity of the
paper in a bidirectional state of stress,
the results of strain measurements were
used, which were obtained in the tests
described above, as well as the results of
calculations obtained with the Burgers
model. Using the rheological parameters
of the Burgers model of the paper tested,
determined on the basis of the creep test,
in accordance with the method presented
here [16], the values of the overall strains
and permanent strains for the levels of
stress analysed, their application times
in the machine and cross directions were
calculated. Formulae (16) and (17) were
used to calculate the strains. The share of
permanent strains in the overall strains
were determined using values of the
strains calculated and measured with re-
lationships (9) and (10).

On the basis of the calculation and meas-
urement results, the range of elasticity of
the paper was determined for two areas in
which the levels of the permanent strains
in the overall strains do not exceed 2%
and 10%.

Results of the measurements and calcula-
tions are presented in Figures 4 and 5.

Both for the machine and cross direc-
tions, the values of permanent strains in
theoverall strains theoretically calculated
do not depend on the stress level, which
can be easily proved by substituting re-

lationships (16) and (17) to formula (9),
and after the reduction we have:

Ud

()=
1 t 1 .
N, | —+—+—1-e ™
Elx nlx EZx

(28)

As Figures 2 - 5 show, relationship (28)
(valid for the Burgers model) does not
correspond with the real paper behaviour.
This inconsistency results from the im-
perfection of matching between the mod-
el and the material described. This is one
of the reasons for the differences between
the real and theoretically determined area
of elasticity of the paper, as shown in
Figures 4 and 5. These differences also
result from the measurement and calcu-
lation errors of the model’s rheological
parameters. The presented measurement
and calculation results of the range of
elasticity of paper show that theoretical
determination of the limit using the Burg-
ers modell) may contain a serious error.

The measurement results obtained prove
that in the case of very short loading
times, the paper may be considered as an
elastic body in the entire range of stress-
es, including damage.

With the low levels of stress at 30% of
the breaking stress, the paper pieces
tested maintained the properties of an
elastic body for a time of 1000 s, and for
the lowest level of stress tested - even to
10 000 s.

On the basis of measurement results of
the strain in the machine direction and
cross direction, using relationships (18),
(19), (26) and (27), the elasticity areas
of the paper tested were determined for
selected stress levels during a bidirec-
tional state of loading in its plane. The
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Results of calculations

Time of Ratio of effecting stress to breaking stress, %
loading, s 10| 20| 30 40| 50| 60| 70| 80| 90
1
10
100
1000
10000
Results of measurements
Time of Ratio of effecting stress to breaking stress, %
loading, s 10 20 30 40| 50| 60| 70 80 90
1
10
100
1000
10000

- Area, where permanent strain in overall strain is do not exceed 2%
- Area, where permanent strain in overall strain is do not exceed 10%
- Area, where permanent strain in overall strain is over 10%

- - Area, where paper is damaged

Figure 4. Elasticity areas of the test paper under tensile forces in the machine direction.

Results of calculations
Time of Ratio of effecting stress to breaking stress, %
loading, s 10 | 20 | 3 | 4 | s | 60 | 70 | 80 | 90
1

10
100
1000
10000

Results of measurements
Time of Ratio of effecting stress to breaking stress, %
loading, s 10 | 20 | 3 | 4 | s | e | 70 | 8 | 90
1

10
100
1000
10000

- Area, where permanent strain in overall strain is do not exceed 2%
- Area, where permanent strain in overall strain is do not exceed 10%
- Area, where permanent strain in overall strain is over 10%

_ - Area, where paper is damaged
Figure 5. Elasticity areas of the test paper under tensile forces in the cross direction.

Time of
loading, s
1
10
100
1000
10000

Stress in MD direction/stress in CD direction in % of breaking stress
80/80 |

1010 | 2020 | 30/30 | 40/40 | 50/50 | 60/60 | 70/70 | 90/90

- Area, where permanent strain in overall strain does not exceed 2%
- Area, where permanent strain in overall strain does not exceed! 0%
- Area, where permanent strain in overall strain is over 10%

I - ~rea, where paper is damaged

Figure 6. Elasticity areas of test paper in a bidirectional state of stress s with different
stress values (different in relation to the breaking stress in a given direction) for both direc-
tions of principal stress in the paper plane.

Time of
loading, s
1
10
100
1000
10000

Stress in MD direction/stress in CD direction in % of breaking stress
60/40 | 70/30 | 80/20 | 90/10

10/90 | 20/80 | 30/70 | 40/60 | 50/50

- Area, where permanent strain in overall strain does not exceed 2%
- Area, where permanent strain in overall strain does not exceed 10%
- Area, where permanent strain in overall strain is over 10%

I - /e, where paper is damaged

Figure 7. [Easticity areas of test paper in a state of bidirectional stress with the same stress

levels (the same in relation to breaking stress in a given direction) for both directions of

principal stress in the paper plane.
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elasticity area of paper was determined
for a case in which the principal axes of
stress overlap with the machine direction
and cross direction. The stress levels for
both directions were determined as a per-
centage of the breaking stress determined
for a given direction in a unidirectional
standard tensile test. Figures 6 and 7
show calculation results of the ranges of
elasticity of the test paper for a share of
the permanent strain in the overall strain
0of 2% and 10%.

In complex states of stress in the paper
plane, as for unidirectional stresses, in
cases of short application times, the fi-
brous material may be considered as an
elastic body, practically until the moment
of breaking.

If, for both principal axes of stress, the
stress values (in relation to the breaking
stress in a given direction) are identical, the
range of elasticity of the material is simi-
lar to the unidirectional state of stresses.

Conclusions

1) In engineering calculations for short
times (several seconds) of stresses ap-
plied, even if their value is close to the
breaking stress), the papers and boards
may be considered as elastic bodies.

2

~

In the case of low stress levels (up to
around 20% of the breaking stress),
we do not make serious errors when
treating paper and the board as elastic
bodies, even if the time of stresses ap-
plied is long, e.g. 10 000 s.

3) In stress states of the plane, we can
assume that the maximal share of the
permanent set in the overall strain
appears in one of the principal stress
directions in the paper plane. On the
basis of the strains in this direction,
we can determine whether the range
of elasticity of paper is exceeded in a
given state of stress.

Editorial note

1) Problems connected with the selection of
a rheological model which better reflects
paper behaviour are discussed in a se-
parate research project going beyond the
subject of this article, where the model is
used as a tool describing various types of
strain.
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t.0.0.1. 13th International
t-9.2:L; @ Triennial of Tapestry,
i L6dz 2010
t.6.p.1.

Opening of the Main Exhibition: 10th of May 2010 at 1.00 p.m.
The exhibition will be on show till the 31st of October 2010

General organiser: Central Museum of Textiles, £6dz, Poland

Norbert Zawisza, Chairman of the Programming Board of the International
Triennial of Tapestry in £6dZz and Director of the Central Museum of Textiles,
appointed the Programming Board of the 13th International Triennial of Tapestry,
£6dz 2010. Outstanding representatives of the Polish textile art community, Central
Museum of Textiles, £6dz, Poland — organiser of the event, organisers of important
events associated with the 13 International Triennial of Tapestry, standing sponsors
of the event are its members: Liliana Andrzejczak, Krystyna Dyrda-Kortyka, Elzbieta
Fuchs, Dorota Grynczel, Wojciech Jaskédtka, Aurelia Mandziuk, Teresa Michatowska,
Marcin Oko, Krystyna Onak, Jolanta Piwonska (Secretary), Matgorzata Siwek,
Matgorzata Wréblewska-Markiewicz, Norbert Zawisza.

Participants from the following 51 countries will take part in the 13th Triennial:
Argentina, Australia, Belgium, Bolivia, Brazil, Bulgaria, Canada, Chile, PR China,
Croatia, Cyprus, Czech Rep., Denmark, Estonia, Finland, Finland, France, Georgia,
Germany, Great Britain, Hungary, Iceland, India, Ireland, Israel, Italy, Japan, Korea
South, Latvia, Lithuania, Mexico, Moldova, The Netherlands, New Zeland, Norway,
Peru, Poland, Romania, RSA, Russia, Serbia, Slovakia, Slovenia, Spain, Sweden,
Switzerland, Taiwan, Turkey, Ukraine, USA.

National consultants together with the programming board have selected 138
participants from the countries mentioned above.

In 2010 the International Triennial of Tapestry will be accompanied by other
international, national, regional and one-man shows. Due to their artistic level and
character, the Programming Board of the 13th International Triennial of Tapestry
has decided to grant them the title of ,exhibition/event associated with the 13th
international Triennial of Tapestry’. The most important are the following: 8th
International Baltic Triennial of Miniature Textiles, VI International Biennial of Linen
Art Textiles ,From the loom to Loom’, XXXVII International Symposium ,Creative
Workshop — Kowary’ within the framework of the Fibre Art Festival in Lower Silesia,
Il International Textile Art Festival in Cracow, 11th National Exhibition of Polish
Tapestry, 9th National Exhibition of Polish Miniature Textiles, and many others.

It is our intention to make the future events more versatile and imposing than the
triennial in 2007.

Hereby we would like to request prompt submission of proposals. The entry should
contain a description of the character of the event (exhibition, retreat, show), the
final version of the title, names of main organisers, name of the curator as well as
data of contact, place (name of institution and its full address), and duration (day and
hour of opening, closing date).

Thank you

Norbert Zawisza
Chairman of the Programming Board
of the 13th International Triennial of Tapestry

Contact:

Organizational bureau:
Jolanta Piwonska: j.piwonska@muzeumwlokiennictwa.pl
Barbara Ziemnicka—Darnowska: b.darnowska@muzeumwlokiennictwa.pl
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