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Abstract
Knitted fur fabrics can be analysed as a textile composite made of two layers (a plait layer 
and a pile layer).The basic geometrical parameter is the relative cover i.e. the surface 
fraction of fibres, determined according to a computer technique of image processing and 
introduced into the homogenisation procedure. The heat transfer problem can be formulated 
within each layer by a second-order differential state equation and a set of boundary and 
initial conditions. State equations are solved numerically and the results visualised by the 
ADINA program. A simple numerical example is considered.
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Tomeczek [10] introduced a fibrous re-
inforcement situated regularly within the 
filling of the composite material. Golan-
ski, Terada and Kikuchi [1] introduced 
different models of thermal homogenisa-
tion, i.e. the rule of mixture and the hy-
drostatic analogy. Some authors describe 
the particular homogenisation of com-
posite materials for unidirectional filling 
fibres, cf. Rocha and Cruz [10]. Liang 
and Qu [7] determined an equivalent dif-
fusion coefficient for materials of consid-
erable temperature difference between 
the two parallel external surfaces and the 
internal radiation within porous material.
The basic geometrical parameters should 
be determined by means of experimental 
methods. Some authors have analysed 
an image of the surface of knitted fur 
fabrics. The best reference here can be 
Mikołajczyk [8] and the technique of im-
age processing he introduced.

The main idea of the present paper is 
to model the heat energy transport of a 
textile composite of knitted fur fabric as 
well as solve the problem thereof. Mathe-
matically speaking, we have a second-or-
der differential equation accompanied by 
a set of boundary and initial conditions. 
The problem can be solved numerically 
and the results visualised by means of 
any graphics program as the temperature 
distribution within the structure.  This 
class of problem has not yet been consid-
ered in the literature analysed concerning 
heat transport within knitted fur fabrics. 

	 Structural parameters 
of knitted fur fabrics

Typical knitted fur fabrics have a 3D 
textile composite structure, cf. Figure 1. 
The literature analysed does not contain 
parameters describing fur fabrics. Plain 
stitch, which is a part of the plait layer, is 
described in some publications [2, 3, 7] 

in respect of the structural parameters 
and thermal correlations concerning the 
structure. We now have a great number 
of parameters, and modelling by means 
of standard methods is difficult. Thus, it 
is necessary to introduce some simplifi-
cations.

n	 Knitted fur fabrics have a 3D space 
structure, which is a sandwich com-
posite. For simplicity we assume there 
are two basic layers of fur fabrics i.e. 
the plait layer and the pile layer.

n	 Fur fabrics can contain a lot of raw 
products: yarns (one or two threads 
creating the plait layer), bands (a mix-
ture of two or three kinds of fibres), 
foamed glue (one type of glue or a 
mixture of two kinds).

n	 The basic structural parameters are not 
described within the European Stand-
ards EN and International Standards 
ISO. 

n	 The plait layer is covered by foamed 
glue. It is also impossible to deter-
mine certain geometrical and material 
parameters after the finishing process 
of knitted fur fabrics by means of the 
standard methods. For the plait layer 
these are the stitch length and the pa-
rameters of yarns: the material, and 
the number and twist of yarn. 

n	 The technological parameters of the 
structure are difficult to describe be-
cause different finishing processes can 
be applied, for example the drafting 
or stabilising of fur fabrics, the sizing 
connected with the drafting, as well as 
the shearing and fancy twisting proc-
esses. The final fur fabric has differ-
ent structural parameters from the raw 
fabrics immediately after the knitting 
process.

The basic problems of effectively de-
scribing the energy transfer within knit-
ted fur fabrics are the lack of sources (i.e. 
standards, scientific papers, descriptions 

n	 Introduction
Knitted fur fabrics are applied in different 
branches of industry on the basis of their 
specific structure and properties. Fur fab-
rics are produced as industrial fabric and 
applied, for example, in toys and deco-
rations. The main field of application is 
the clothing and footwear industry (furs, 
jackets, the thermal insulation of clothing 
etc.), and the basic application criteria are 
the thermal insulation of the textile prod-
uct and the aesthetic appearance. The lit-
erature analysed does not discuss the fol-
lowing: the transport processes of energy 
and mass, the modelling of heat transfer 
and the wide spectrum of optimisation 
problems within knitted fur fabrics. The 
quality features of natural and knitted furs 
as well as the different problems of heat 
parameters were presented by Korliński 
[2,13]. Some problems concerning heat 
resistance and parameters describing the 
heat transfer were discussed by Korycki 
and Wiezowska [6].

Application, modelling and shape opti-
misation during the heat transfer as well 
as the problems connected have been 
widely discussed for conventional fab-
rics. Modelling the heat energy transfer 
within knitted fur fabrics is very difficult 
because it is necessary to determine the 
large number of phenomena (for exam-
ple, the surface fraction of fibres within 
the fabric, the homogenisation of the 
structure, the contact of hairs within the 
pile layer etc.).

A typical knitted fur fabric has a non-
homogeneous structure, each layer of 
which has an irregular random structure. 
To model the heat transfer, each layer of 
the complex structure (plait layer, pile 
layer) should be first homogenised. The 
homogenisation of textile structures is a 
complex and difficult process that can be 
solved by means of different methods. 
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of tests etc.) and the great number of 
different tests. Thus, the parameters de-
termined are necessary to solve the state 
equation with respect to both boundary 
and initial conditions.

The relative cover of knitted fur fabrics 
within the plait layer was analysed ac-
cording to a computer technique of im-
age processing. There is a non-destruc-
tive and objective method which can 
determine the correlation between the 
structure and parameters of the manu-
facturing process. In this study, we have 
determined the mass fraction of fibres 
for knitted fabrics but not for a particu-
lar layer. The most important parameter 
for materials management is the relative 
cover, i.e. the surface fraction of fibres, 
cf. Mikolajczyk [7]. A geometrical model 
of the structure does not exist for knitted 
fur fabrics, and it is therefore impossible 
to introduce a theoretical method. An in-
direct method can be the measuring of the 
air permeability [7], which is difficult for 
multilayer fur fabrics with respect to the 
different angles of fibre locations within 
the pile layer as well as the existing glue 
within the plait layer. Thus, the most ef-
fective method is a computer technique 
of image processing to create a 2D pic-
ture of knitted fur fabrics. The picture is 
then transformed into a black andwhite 
bit map, but the important question is 
to determine the precise border between 
the object measured and the background, 
which is the effect of picture segmenta-
tion, cf. Korlinski, Perzyna [3]. The val-
ues of the relative cover obtained (i.e. the 
surface fraction of fibres within the plait 
layer) for typical fur fabrics are equal ac-
cording to test result - from 84.94% to 
95.21%. 

	 Homogenisation of knitted 
fur fabrics

The homogenisation of particular layers 
is a typical method for composite struc-
tures, but it is not used for textile materi-
als. Knitted fur fabrics are inhomogene-
ous, multilayered and have a sandwich 
structure. The composite structure con-
tains a plait layer (made of fibres, yarns 
and foamed glue between them) and a 
pile layer (made of fibres, air between 
filaments, and air within the free spaces 
between fibres). The homogenisation of 
knitted fur fabric creates the homogene-
ous, orthotropic structure of the effective 
thermal conductivity coefficients. 

There are different homogenisation meth-
ods to obtain the heat conductivity coeffi-
cient. Porous-capillary-channel materials 
were discussed by Wawszczak [13]. The 
heat conductivity coefficient is a function 
of the material conductivity λmat and the 
air or some other gas or liquid conductiv-
ity within the void spaces λfil. Wawszczak 
determined the heat conductivity coeffi-
cient in the direction parallel to channels 
λpar and orthogonal to channels λort in the 
form
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where ξ denotes the porosity coefficient 
defined as the proportion of the filling 
volume to the volume of material. 

Tomeczek [11] analysed the reinforce-
ment fibres situated regularly within the 
filling material. The heat conductivity 
coefficient of the material is λmat and that 

of the filling - λfil. Let us assume a cylin-
drical shape of the reinforcement fibres 
of radius r, which can be defined as the 
volume contribution within the material. 
The equivalent heat conductivity coeffi-
cient is equal to:
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Golański, Terada and Kikuchi [1] intro-
duced the classical ‘rule of mixture’, in 
which the equivalent heat conductivity 
coefficient has the form
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where ξmat and ξfil are the volume coef-
ficients of the textile material Vmat and 
interfibre spaces Vfil, respectively. In this 
study, this method was implemented into 
the solution procedure for the heat trans-
fer problem.

The same authors define Turner’s model 
according to the hydrostatic analogy. The 
equivalent heat conductivity coefficient 
can be expressed as follows
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where Kmat is the volumetric modulus 
of the material, and Kfil - the volumetric 
modulus of the filling.

	 Heat transfer model within 
knitted fur fabrics

Generally speaking, the heat transfer 
within knitted fur fabrics is a 3D space 
problem. Let us assume that the shape 
and heat transfer conditions are the same 
throughout the structure. It follows that 
a 3D space problem can be reduced to a 
2D plane problem, cf. Figure 2. In some 
cases the heat is transported from the 
skin to the surroundings. If the problem 
is symmetrical or the side surfaces of the 
structure are isolated, we solve in fact a 
1D heat transfer problem.

The state variable is the temperature T. 
A typical fur fabric does not contain heat 
sources within its composite structure. 
There is an additional thin layer of air be-
tween the fur fabric and the skin. Thus, 
the temperature secures an optimal mi-
croclimate, and a Dirichlet condition ex-
ists on this boundary portion ΓT. On the 
side surfaces of fur fabrics, the heat flux 

Figure 1. 3D space structure of knitted fur fabrics.
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density can be neglected, qn = 0, because 
heat energy is transported from the skin 
to the surroundings. The structure is sub-
jected to Neumann conditions on these 
side boundaries, Γq. The external surface 
is the boundary portion ΓC subjected to 
convectional heat flux, i.e. a third-kind 
boundary condition is applied. This part 
of the external boundary is additionally 
subjected to thermal radiation character-
ised by the Stefan-Boltzmann constant 
and real body properties i.e. the panchro-
matic emissivity, according to Zarzycki 
[14]. The internal boundaries ΓN are 
characterised by fourth-kind conditions, 
i.e. the heat flux densities are the same 
for the common parts of internal bounda-
ries. The initial condition describes the 
distribution of state variable T within the 
area Ω bounded by the external boundary 
Γ. The state equation and set of bound-
ary and initial conditions have the form 
described for the i-th layer, according to 
Korycki [5] (cf. Figure 3)
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qn
(1)(x,t) = qn

(2)(x,t)   x ∈ GN;

T(1)(x,t) = T0(x,t)   x ∈ GT;

qn
(i)(x,t) = 0   x ∈ Gq;

qnC
(2)(x,t) = h[T(x,t) -T∞(x,t)]  x ∈ GC;

qnr
(2)(x,t) = sew[T(x,t)]4   x ∈ GC;

qn
(2)(x,t) = qnC

(2)(x,t) + qnr
(1)(x,t)  x ∈ GC;

T(i)(x,0) = T0
(i)   x ∈ (W ∪ G);  i = 1, 2.

where q is the vector of heat flux density, 
q* the vector of initial heat flux density, 
qn = n·q the vector of heat flux density 
normal to the surface defined by unit vec-
tor n normal to this surface, A the matrix 
of heat conduction coefficients within 
the material, c the heat capacity, T the 

temperature, t the real time, T0 the pre-
scribed value of temperature, h denotes 
the surface film conductance, T∞ the 
temperature of the surroundings, σ the 
Stefan-Boltzmann constant, and ε is the 
panchromatic emissivity of the material. 

The problem can be considerably simpli-
fied for the steady heat transfer, i.e. for 
the constant value of the state variable in 
time. The temperature distribution can be 
also determined by the simple differen-
tiation of the state equation with respect 
to the design variable. 

The solution of the transient heat transfer 
for multilayer structures is complicated, 
and the problem should be solved by 
means of numerical methods. The solu-
tion methodology is shown in Figure 4. 
Firstly the material parameters and set of 
boundary and initial conditions are de-
fined for each layer within the structure. 
Then we introduce two material layers: (i) 
a plait layer made of textile material and 
foamed glue, (ii) a pile layer consisting of 
fibres and air within the free spaces. The 
analysis procedure is based on the Finite 

Element Net, and the cross-section of the 
textile composite is divided into a net of 
9-nodal rectangular elements. The state 
equations accompanied by the set of con-
ditions are solved within the nodes, the re-
sults of which are so-called nodal values of 
temperature. This element is characterised 
by means of shape functions which help to 
approximate the temperature proportion-
ally to the distance to a particular node. In 
fact we obtain a set of state variables with-
in the textile composite at a defined time 
step, and the problem can be visualised by 
means of any graphics program. We intro-
duced the values obtained into the ADINA 
program in a Windows environment. The 
calculations should be repeated till the last 
time step is introduced. 

n	 Illustrative example
Let us consider the isotropic properties 
of the material during heat transfer; this 
means that in this case the matrix of the 
heat conduction coefficients has only one 
component, which is the heat conduction 
coefficient determined by the homogeni-

Figure 2. Homogenisation of the structures of knitted fur fabrics; 
1 - skin, 2 - knitted fur fabric, 3 - any cut of fur fabric. 

Figure 3. Model of transient heat transfer within knitted fur fab-
rics.

Figure 4. Algorithm for determination of the temperature within knitted fur fabrics for the 
transient heat transfer.

qn
(2)(x,t) = 

qnC
(2)(x,t) + qnr

(1)(x,t)  x ∈ GC

human body  air     plait payer                     pile layer
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sation method, cf. Equations (5). Thus, 
we obtain A = λ.

Let us solve the problem for the simplest 
case of steady heat transfer: the time de-
rivatives of the temperature is equal to 
zero, and the right-hand side of the state 
equation within Equations (5) vanishes. 
The structure is made of two layers, and 
the heat transfer is a 1D problem. The 
internal boundary of the composite is de-
fined for coordinate xw by the heat flux 
density qnw and temperature Tw. Gener-
ally speaking, the heat transfer problem 
is defined by adapting Equations (5). Let 
us next assume, for simplicity, that the ra-
diation heat transfer is negligible in this 
particular case.

The heat transfer problem for the first 
layer can be adopted from Equations (5) 
as follows:
A(1)T(1),xx = within W;

qn
(1) = -A1e1T,x = qn

w   x ∈ GN;

T(1)= Tw   x ∈ GN;			   (6)
T(1)= T0   x ∈ GT;

qn
(1) = 0  x ∈ Gq;

qn
(1) = qn

(2) = 0;
where A1=λ1 is the matrix of the heat 
conduction coefficients of the first layer, 
and ε1 is the porosity of this layer. The 
second layer can be characterised by the 
following correlations:
A(2)T(2),xx = within W;

qn
(2) = -A2e2T,x = qn

w   x ∈ GN;	
(7)

qn
(2) = 0   x ∈ Gq;

qn
(2)(x,t) = h[T -T∞]  x ∈ GC;

where A2=λ2 and ε2 are the adequate pa-
rameters for the second layer.

Integrating the state equations with re-
spect to design variables and introducing 
the boundary conditions, we obtain the 
following correlations

The fibres within the pile layer are made 
of polyester (8.5% of the volume of the 
pile layer) and acryl (41.5% of the total 
volume). The free spaces within the pile 
layer are filled by air (50% of the total 
volume) of the matrix of the heat transfer 
coefficient A = 0.025 W/(mK). Assuming 
the above parameters for acryl equal to  
A = 0.051 W/(mK), the matrix of the heat 
transfer coefficient according to the rule of 
mixture is equal to A = 0.051515 W/(mK). 

The additional assumption for the textile 
composite is that the height of the plait 
layer is equal to 25% of the total height, 
whereas the pile layer represents 75% 
of the total height. The transient heat 
transfer problem is defined by means of 
the state equation and the set of condi-
tions, cf. Equations (5). The temperature 
of the air layer in contact with boundary 
ΓT is equal to T = T0 = 33 °C. There is 
a layer between the body and the textile 
structure of the temperature, which has 
been determined by different authors. 
The side boundaries Γq are characterised 
by the heat flux densities qn = 0. The ex-
ternal part of the structure is subjected 
to thermal convection and thermal ra-
diation. We assume that the surrounding 
temperature is equal to T = T∞ = 0 °C, 
the heat convection coefficient h = 5, and 
the panchromatic emissivity is equal to 
ε=0.8 [14]. The space Finite Element Net 
is divided into 4-nodal elements and 600 
nodes within the cross-section. The rea-
son is that the ADINA program does not 
include linear convection and radiation 
on the boundary. Thus, we introduced a 
space net of elements.

Let us visualise the temperature distribu-
tion by means of the ADINA program. 
A temperature map was obtained for the 
heat conduction coefficient of the plait 
layer A = 0.1846 W/(mK) and pile layer 
A = 0.0515 W/(mK). Figure 6 contains 
a space FEM net of the elements, the so-
lution of the problem of transient heat 
transfer, and the times t = 15 s from the 
beginning of the transport and t → ∞  
i.e. stabilised heat transfer. We see at 
once that the temperature for t = 15 s is 
reduced within the plait layer almost to 
the surrounding temperature. For stabi-
lised heat transfer the temperature has 
the same value, whereas within the pile 
layer the value tends to be determined by 
the convection and radiation on the ex-
ternal boundary; thus, there is the effect 
of the different heat conduction coeffi-
cients of the materials. It is impossible 
to formulate the function of temperature  
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where L is the thickness of the whole 
material, cf. Figure 5. We see at once 
that the temperature is a linear function 
of coordinate x for both layers. The char-
acteristic is different for every layer and 
depends on the material parameters and 
boundary conditions. 

However, it is necessary to solve a sec-
ond more comprehensive example -de-
fining the material parameters of knitted 
fur fabrics. First we should introduce 
matrices of the heat transfer coefficients, 
and a substitute matrix of the coeffi-
cients can be determined according to 
one of the methods previously discussed 
(cf. subclause 3). The internal plait lay-
er, which is in contact with the skin, is 
made of polyester and has a matrix of 
the heat transfer coefficients equal to 
A = 0.21 W/(mK), see Urbanczyk [12]. 
The same matrix of TRM-S glue is equal 
to A = 0.048 W/(mK), whereas for TBP 
glue it is A = 0.035 W/(mK). Accord-
ing to the image analysis [8], the volu-
metric modulus of the fibres is from the 
range ςfib = (84.94 ÷ 95.21)%, and con-
sequently the same modulus is for the 
glue ςgl=(15.06 ÷ 4.87)%. The matrix 
of the heat transfer coefficient accord-
ing to the rule of mixture [1] is equal 
for TRM-S glue A = 0.1856 W/(mK) for 
ςfib = 84.94% (ςgl = 15.06%), and 
A = 0.2023 W/(mK) for ςfib = 95.21% 
(ςgl = 4.87%). The same matrix is for 
TBP glue A = 0.1836 W/(mK) for 
ςfib = 84.94% (ςgl = 15.06%), and 
A = 0.2016 W/(mK) for ςfib = 95.21% 
(ςgl = 4.87%). Both values are close, 
and we consequently assume the 
substitute matrix of the heat con-
duction coefficients from the range 
A = (0.1846 ÷ 0.2020) W/(mK).

Figure 5. Bound-
ary conditions of 
fur fabric subjected 
to heat transfer.

l1e1

l2e2
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T = T(x) directly because the program 
only has the graphical modulus to visu-
alise the temperature distribution within 
the structure.

n	 Conclusions
1.	 The model of heat transfer introduced 

has a wide practical application with-
in the field of knitted fur fabrics; 
hence, in this study we did not real-
ise a great number of expensive tests. 
The input data are minimised to the 
distribution of material parameters 
within each layer as well as to that of 
the geometrical parameters of a par-
ticular layer within knitted fur fab-
rics. Additionally, simulations can be 
determined for different information 
concerning the components (i.e. the 
fibres, yarn and glue). The problem is 
therefore characterised by the equiva-
lent heat conduction coefficient.

2.	 According to the algorithm presented, 
the solution methodology introduces 
a Finite Element Net and standard 

solution procedures which minimize 
the calculation time. The boundary 
and initial conditions can be intro-
duced in different forms which are 
not always applicable for empirical 
methods. An additional advantage is 
the temperature distribution deter-
mined within the cross-section of the 
fabric, which is impossible to obtain 
in empirical tests.

3.	 The method introduced can be also 
applied for the optimal shape design 
of knitted fur fabrics with respect 
to maximal thermal insulation. Of 
course, the problem needs additional 
practical verification, which is be-
yond the scope of the present paper.
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Figure 6. Temperature distribution for transient heat transfer within knitted fur fabrics: 
a) FE space net, b) temperature distribution for t = 15 s, c) temperature distribution for  
t → ∞.
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